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1. Syntactic Preliminaries. the Modal L anguage

[0 Vocabulary:

— aomic formulas: PouPyuPsy ...
— connectives; ANT.o.UU®,« ,0,59.
— metavariables: A B,C, ...

O Grammar:

— Straightforward.
— Only be careful to distinguish necessity of the consequence vs necessity of the consequent.

1) O(A® B)
2) A® OB

Obvioudy different:

OP® P) (P® P isatautology)
P® OP

Often ambiguousin English

If I have no money, then | can't buy a new computer this probably correspondsto 1)
If I ama man, then | can't be a number this probably correspondsto 2)
2. Semantics

[0 Extensional models are (intuitively) possible worlds
— Each modd a isaway of partitioning the atomic sentences into true and false:
a(P)l {T,F} fordli
or simply

al {Po,P,P, ..}



— Thisinduces an corresponding assignment of valuesto all sentences—a valuation:
V, (A) ® {T,F} for dl sentences A
or equivaently
= Aiff Aistrue (holds, etc.) relativeto a.
— Thisisdonerecursively:

Epi iff Piia
EJA iff notE A
EAUB iff EAandEB

[0 How do we specify truth conditions for modal formulas (given that (1, ¢ are not truth-functional)?
1) Carnap in Meaning and Necessity:

FOA iff £ Aforevery mode b
£ oA iff  E A for somemodel b

— Thisistoo strict: it equates worlds with models, hence necessity and logical validity.

2) Leibniz (on modern readings):
— A mode isnot just a possible world, but acollection of possible worlds.

— Hence amode is a coallection of extensional models.
A={a,b,qg ...}
— Thenwe could say e.g.
Ep; iff Pia
E@A iff notE A
EAUB iff EAandEB
EOA  iff  E Aforeverybl .
EOA iff  E Aforsomebl .4/

— This account still requires that we specify what possible worlds are (functions or sets of
sentences, etc.), but otherwise OK. It can be generalized asfollows:

[0 First idea (Leibniz’'s smplified models)

— Instead of a set of functions, amodeal becomes a set with afunction

» takeworlds as unanalyzed entities (points)
+ ask the model to associate each sentence with the worldsin which it istrue



— Formally: 4= &N P where
* W1 @ (the possible worlds)
« PasequencePy, P,,P,,...I W associating with each i a set of worlds (those in
which P; holds)
 Intuitively: P, = the proposition expressed by P;

— Truth conditions:
M

E P, iff al P,

a

ES

E'DA iff E Aforevery bl W
E'OA iff E Afor somebl W

ES

— Notes:
e P, may be empty
« U, P, may not add upto W

[0 Second idea (Kripke' s standard models): generalize Leibnizian models by adding an accessibility
relation:
— Mode .= aN, R, Pii where
* W and P asbefore
« Rl W™ W
— Truth conditions:

Ep, iff al P

a

A

E'ODA iff £ Aforalbl W suchthataRb
E'OA iff E Afor somebl W such thataRb

— NB: If Risan equivaence relation, thisis equivaent to the first account.

[0 Third idea (Montague’' s minimal models): Modal notions should not be understood in terms of
truth in every/some world, but treated as primitive: some sentences express necessay/possible
propositions, others do not.

— Modé .= anN, N, Pfi where
e N:W® A A W associates each world with the propositions that are necessary at that world
é\ W = sets of worlds = propositions
A A W= set of propositions



— Truth conditions:

EPp, iff al P,

a

Intuitively: N, = the propositions that are necessary at a

EDA iff {bl W: l':b”A} TN, = iff A expresses anecessary proposition at a
EOA iff {bl W:not l':b”A} I N, =iff Adoesnot express animpossible proposition at a

— Notation: || A|[“for {bl W: |’=:A} (the proposition expressed by Ain .#/)

3. Examples

00 Definitions

— Aisvdiditruein. .« EA

— AisvaidinC

C

— Aisvadid FA

EA

iff £ Aforeveryal W
iff & Aforevery .41 C
iff ’ AforveryC

[0 Some principlesthat are valid in the semantics based on Leibnizian models:
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OA® OA
OA® A

A® OC0A
OA® OOA
CA® OCA
COA® OCA

(A® B)® (DA® CIB)

CA« DODA
OA« @ODA

EA

E DA

C

E A« B

C

I% DA« OB

E(AU..UA)® A

F(OA U..UDA)® OA



[0 Comparison with the other semantics:

schema standard models minimal models
T COA® A vaid iff reflexive: aRa vaidiffal |JA|"
whenever |JAI“T N,
oP
9
a b
D OA® ©¢A valid iff serial: " a$b(aRb) valid iff —JJAIr“T N,
N
or whenever [|A|I“T N,
gopP
B A® OCA valid iff symmetric. aRb P bRa (b) p. 224 Chellas

P oP
goap o0 P

a b
4 OA® DOA valid iff transitive: aRb and bRgP aRg (iv) p. 224
P P
QJEDPP oop o
a b [¢]
5 OA® OCA valid iff euclidean: aRb and aRgP bRg (V) p. 224
o0 P
P /
op b
go OP
a \
gap
g
G <COOA® OCA valid iff incestual: aRb & aRgpP $d(bRd & gRd)| (g) p. 225




schema

standard models

minimal models

K [OA® B)® (DA® OB) vaid valid iff
IBI[T N, whenever
IA® BJI“ JAII“T N,
Dfé CA« GUDA valid valid
DfO0 DA« GOOA valid valid
RN EA valid valid iff W1 N,
C
(forallainall .4 inC)
E DA
RE EFEA« B valid valid
C
FOA« OB
RK EAU..UA)® A valid valid iff
E (DA U..UDA)® OA AT N, whenever
¢ DA o TIAIET N,

[0 Example of proof for the “if” part: Scheme5isvalid in the class of al euclidean standard models:

© © N o gk~ wWwDdDPRE

Assume E”OA
ThenE'Afor somebl W such thataRb
Suppose aRg

Then gRb by euclideanness
So, for any g such that a Rgthere exists b such that gRb and l'=b”A
So, for any g such that aRg, |'=;/ A

Thus & CIOA

By 1-7, if & OAthen & IOA
Hence l‘?!<>A ® OCA

4. General comparison

[0 DEFINITION: Two structures .4/ = AN, ..., Piiand .#' = &N, ..., P'fiare pointwise equivalent iff
thereisaone-onemap f:W ® W' such that, for every sentenceAandeverya I W

A iff B A

f(a)



O Fact 1: Every smplified mode .4/ = &N, Piiis pointwise equivalent to a standard model, namely
tothemodd .#' = &N, R, Piwhere R=W "~ W.

Proof: straightforward inductive argument, taking f(a) = a.

1.Base. E . iff al P,
A

iff E

a i
. A
l.e |=f(a) i

2. Truth-functional connectives. obvious
3. Modal connectives:
E'OA iff £ Aforalbl W
iff  Aforallbl W (by1.H.)
iff & Aforallbl W suchthataRb
iff & DA

. M
e R, DA

[0 Fact 2: Every standard mode! -.#/° = AV°, R, PHiis pointwise equivalent to aminimal model
™= aN™, N, P™i where XT N_ iff X containsall R-accessibleworlds, i.e., iff {bl W:aRb} | X.

(Intuitively: the propositions necessary at a are those that include the set of all worlds accessible
froma)

Proof: we set f(a) = a and prove by induction that, for every sentence A:

MS . Arm

for every al W: E A iff F A

Again, the only interesting case ismodal sentences:

M

E'OA  iff E Aforalbl Wst.aRb
iff  {bl W:aRb} I {bl W:E A}

iff  {bl W:aRb} i {bl W:E A} by I.H.
iff  {bl W:E AT N, by def. of /™
iff |'='/;m OA by recursive clause for O



